
HW #5

1. Harmonic Oscillator

(a)

We rewrite the Hamiltonian H = p2

����������2 m + 1�����2  m Ω2  x2 using a = "##########m Ω�����������2 Ñ  Hx + i p�����������m Ω L , aÖ = "##########m Ω�����������2 Ñ  Hx - i p�����������m Ω L .  We first calculate

aÖ  a = m Ω�����������2 Ñ  Hx - i p�����������m Ω L Hx + i p�����������m Ω L = m Ω�����������2 Ñ  Ix2 - i�����������m Ω @p, xD + p2

�����������������m2  Ω2 M = m Ω�����������2 Ñ  Ix2 - Ñ�����������m Ω + p2

�����������������m2  Ω2 M .  
Therefore, 

Ñ Ω aÖ  a = 1�����2  m Ω2  x2 - 1�����2  Ñ Ω + p2

����������2 m , 

and hence H = Ñ ΩIaÖ  a + 1�����2 M . 

(b)

 The ground state condition a È 0\ = 0 can be written in the position representation asXx È a È 0\ = Zx Ë "##########m Ω�����������2 Ñ  Hx + i p�����������m Ω L Ë 0^ = "##########m Ω�����������2 Ñ  Ix + i 1�����������m Ω  Ñ�����i  d���������d x M Xx È 0\ = 0,

and henceIx + Ñ�����������m Ω  d���������d x M Ψ0 HxL = 0.
This equation can be solved easily and we find

Ψ0 HxL = N e-m Ω x2 �2 Ñ .
To normalize the wave function, we computeà

-¥

¥ He-m Ω x2 �2 Ñ L2
 d x = "##########Π Ñ�����������m Ω .

Therefore, the correctly normalized ground state wave function is

Ψ0 HxL = H m Ω�����������Π Ñ L1�4
 e-m Ω x2 �2 Ñ .

The shape of the wave function is

Ψ0 @x_D := J m Ω
���������
Π Ñ

N1�4
 E-m Ω x2 �2 Ñ
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Plot@Ψ0 @xD �. 8m ® 1, Ω ® 1, Ñ ® 1<, 8x, -3, 3<D;
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(c)

The first excited state is given by È 1\ = aÖ È 0\ , and its position representation byXx È 1\ = Xx È aÖ È 0\ = "##########m Ω�����������2 Ñ  Ix - i 1�����������m Ω  Ñ�����i  d���������d x M Xx È 0\
= "##########m Ω�����������2 Ñ  Hx + xL H m Ω�����������Π Ñ L1�4

 e-m Ω x2 �H2 ÑL = H m Ω�����������Π Ñ L1�4
 "##########m Ω�����������2 Ñ  2 x e-m Ω x2 �H2 ÑL

Its shape is

Ψ1 @x_D := J m Ω
���������
Π Ñ

N1�4
 $%%%%%%%%%%%%m Ω

���������
2 Ñ

 2 x E-m Ω x2 �H2 ÑL

Plot@Ψ1 @xD �. 8m ® 1, Ω ® 1, Ñ ® 1<, 8x, -3, 3<D;
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Check that it is properly normalized:

IntegrateAΨ1 @xD2 , 8x, -¥, ¥<, Assumptions -> ReA m Ω
���������

Ñ
E > 0E

1
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 The second excited state is given by 
�!!!!

2 É 2] = aÖ È 1] , and its position representation byXx È 2\ = 1������������!!!!!
2

 Xx È aÖ È 0\ = 1������������!!!!!
2

 "##########m Ω�����������2 Ñ  Ix - i 1�����������m Ω  Ñ�����i  d���������d x M Xx È 1\
Its shape is

SimplifyA 1
������������!!!!
2

 $%%%%%%%%%%%%m Ω
���������
2 Ñ

 
ikjjjx Ψ1 @xD -

Ñ
���������
m Ω

 D@Ψ1 @xD, xDy{zzzE
ã-

m x2 Ω
����������������2 Ñ H2 m x2 Ω - ÑL H m Ω�������

Ñ
L1�4

�����������������������������������������������������������������������������!!!!2 Π1�4 Ñ

Ψ2 @x_D :=
ã-

m x2 Ω
�����������������2 Ñ H2 m x2 Ω - ÑL H m Ω

�������
Ñ

L1�4
�����������������������������������������������������������������������������!!!!

2 Π1�4 Ñ

Plot@Ψ2 @xD �. 8m ® 1, Ω ® 1, Ñ ® 1<, 8x, -3, 3<D;

-3 -2 -1 1 2 3

-0.4

-0.2

0.2

0.4

0.6

Check that it is properly normalized:

IntegrateAΨ2 @xD2 , 8x, -¥, ¥<, Assumptions -> ReA m Ω
���������

Ñ
E > 0E

1

(d)

From the definitions of the annihilation and creation operators, we can solve for x ,

x = "#############Ñ���������������2 m Ω  Ha + aÖ L.
Starting with the expectation values,Xx\ = Xn È x È n\ = "#############Ñ���������������2 m Ω  Xn È a + aÖ È n\

= "#############Ñ���������������2 m Ω  Yn É I�!!!!
n É n - 1] +

�!!!!!!!!!!!!!
n + 1 É n + 1]N.

Because of the orthonormality of the Hamiltonian eigenstates Xn È m\ = ∆n, m ,
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Xx\ = 0.

Moving on to the variance,

 Xx2 \ = Ñ���������������2 m Ω  Yn É Ha + aÖ L2 É n] = Ñ���������������2 m Ω  Xn È aÖ  a + a aÖ È n\,
= Ñ���������������2 m Ω  Xn È 2 N + @a, aÖ D È n\ = Ñ���������������2 m Ω  H2 n + 1L.

YHD xL2 ] = Ñ���������������2 m Ω  H2 n + 1L .

From the definitions of the annihilation and creation operators, we can solve for p , 

p = -i "#############Ñ m Ω���������������2  Ha - aÖ L.
Together with the expression for x  fromthe previous problem, you can easily verify @x, pD = i Ñ .  Starting with the expecta-
tion values,Xp\ = Xn È p È n\ = -i "#############Ñ m Ω���������������2  Xn È a - aÖ È n\ ,

Xp\ = 0 .

 Moving on to the variance,

 Xp2 \ = - Ñ m Ω���������������2  Yn É Ha - aÖ L2 É n] = Ñ m Ω���������������2  Xn È aÖ  a + a aÖ È n\,
= Ñ m Ω���������������2  Xn È 2 N + @a, aÖ D È n\ = Ñ m Ω���������������2  H2 n + 1L.

YHD pL2 ] = Ñ m Ω���������������2  H2 n + 1L  .

 Therefore,
 HD xL HD pL = Ñ�����2  H2 n + 1L .
 The ground state n = 0 is a minimum uncertainty state, while the excited states have larger uncertainties.
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(e)

There are many ways to show this.  

First of all, using the relation aÖ È n\ =
�!!!!!!!!!!!!!

n + 1 É n + 1] , we can show that HaÖ Ln É 0] =
�!!!!!!!

n ! É n]  
by recursion.  It obviously holds for n = 1.  If it holds for n , the n + 1−th one isHaÖ Ln+1 É 0] = aÖ HaÖ Ln É 0] = aÖ  

�!!!!!!!
n ! É n] =

�!!!!!!!
n !  

�!!!!!!!!!!!!!
n + 1 É n + 1]

=
�!!!!!!!!!!!!!!!!!!!Hn + 1L ! É n + 1]

, and it holds again.  Therefore, it holds for all n .  

Using the definition È f \ = e f aÖ É 0\ e-È f È2 �2 = â
n=0

¥ f n

��������n!  HaÖ Ln Ë 0^ e-È f È2 �2 , 

we can write it as È f \ = â
n=0

¥ f n

��������������!!!!!!!
n!

Ë n^ e-È f È2 �2 .  

Then

 a È f \ = a â
n=0

¥ f n

��������������!!!!!!!
n!

Ë n^ e-È f È2 �2 = â
n=1

¥ f n

��������������!!!!!!!
n!

 
�!!!!

n Ë n - 1^ e-È f È2 �2 , 

where the summation is now taken only from i = 1 because i = 0 term vanishes by a È 0\ = 0.  Continuing on, 

a È f \ = â
n=1

¥ f n

������������������������!!!!!!!!!!!!!!!!!Hn-1L!
Ë n - 1^ e-È f È2 �2 = â

m=0

¥ f m+1

���������������!!!!!!!!
m!

Ë m^ e-È f È2 �2 ,

where the dummy variable was chgned to m = n - 1.  Pulling one factor of f  out of the sum,

a È f \ = f  â
m=0

¥ f m

���������������!!!!!!!!
m!

Ë m^ e-È f È2 �2 = f È f ^ . 

Another way to show the same result is by first showing the relationAa, HaÖ Ln E = nHaÖ Ln-1
.

It obviously holds for n = 1.  If it holds for n , the n + 1−th one isAa, HaÖ Ln+1 E = Aa, aÖ HaÖ Ln E = @a, aÖ D HaÖ Ln
+ aÖ Aa, HaÖ Ln E

= HaÖ Ln
+ aÖ  nHaÖ Ln

= Hn + 1L HaÖ Ln+1

and hence it holds as well.  Therefore, it holds for any n .

Starting with the definition È f \ = e f aÖ É 0\ e-È f È2 �2 = â
n=0

¥ f n

��������n!  HaÖ Ln Ë 0^e-È f È2 �2 , 

a È f \ = a â
n=0

¥ f n

��������n!  HaÖ Ln Ë 0^ e-È f È2 �2 = â
n=0

¥ f n

��������n! Aa, HaÖ Ln E Ë 0^ e-È f È2 �2 , 

Here, we used the fact a È 0\ = 0.  Using the relation shown above,

a È f \ = â
n=1

¥ f n

��������n!  n HaÖ Ln-1 Ë 0^ e-È f È2 �2 = â
n=1

¥ f n

����������������Hn-1L! HaÖ Ln-1 Ë 0^ e-È f È2 �2 ,

where the summation is now taken only from i = 1  because i = 0  term vanishes by @a, 1D = 0.  Changing the dummy
variable to m = n - 1, 

a È f \ = â
m=0

¥ f m+1

��������������m!  HaÖ Lm Ë 0^ e-È f È2 �2 ,

a È f \ = f  â
m=0

¥ f m

���������m! HaÖ Lm Ë 0^ e-È f È2 �2 = f È f ^ .

Finally, we verify the normalization,X f È f \ = e-È f È2  â
m=0

¥ â
n=0

¥ H f * Lm

����������������m!  f n

��������n!  Y0 É am HaÖ Ln É 0] .

Consider a  acting on the left and aÖ acting on the right, again by orthonormality we must have m = n , soX f È f \ = e-È f È2  â
n=0

¥ È f È2������������n! n!  Yn É �!!!!!!!
n !  

�!!!!!!!
n ! É n]

= e-È f È2  â
n=0

¥ È f È2�����������n!  Xn È n\ = e-È f È2 eÈ f È2
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Finally, we verify the normalization,X f È f \ = e-È f È2  â
m=0

¥ â
n=0

¥ H f * Lm

����������������m!  f n

��������n!  Y0 É am HaÖ Ln É 0] .

Consider a  acting on the left and aÖ acting on the right, again by orthonormality we must have m = n , soX f È f \ = e-È f È2  â
n=0

¥ È f È2������������n! n!  Yn É �!!!!!!!
n !  

�!!!!!!!
n ! É n]

= e-È f È2  â
n=0

¥ È f È2�����������n!  Xn È n\ = e-È f È2 eÈ f È2
X f È f \ = 1.

(f) 

Using the result from (d), X f È x È f \ = Z f Ë "#############Ñ���������������2 m Ω  Ha + aÖ L Ë f ^ = "#############Ñ���������������2 m Ω  H f + f * L = "#############Ñ���������������2 m Ω  2 ReH f L .  

Here, we used the fact X f È aÖ = X f È f * , obtained by taking the hermitian conjugate of a È f \ = f È f \ .  Similarly, using the
result from (e),X f È p È f \ = Z f Ë -i "#############Ñ m Ω���������������2  Ha - aÖ L Ë f ^ = -i "#############Ñ m Ω���������������2  H f - f * L = "#############Ñ m Ω���������������2  2 ImH f L .

Now on the variance,X f È x2 È f \ = Y f É Ñ���������������2 m Ω  Ha + aÖ L2 É f ] = Ñ���������������2 m Ω  Y f É a2 + a aÖ + aÖ  a + HaÖ L2 É f ]
= Ñ���������������2 m Ω  Y f É a2 + @a, aÖ D + 2 aÖ  a + HaÖ L2 É f ] = Ñ���������������2 m Ω  I f 2 + 1 + 2 f *  f + H f * L2 M
= Ñ���������������2 m Ω  IH f + f * L2 + 1M

and hence

YHD xL2 ] = Ñ���������������2 m Ω .

Similarly,X f È p2 È f \ = Y f É - Ñ m Ω���������������2  Ha - aÖ L2 É f ] = Ñ m Ω���������������2  Y f É -a2 + a aÖ + aÖ  a - HaÖ L2 É f ]
= Ñ m Ω���������������2  Y f É -a2 + @a, aÖ D + 2 aÖ  a - HaÖ L2 É f ] = Ñ m Ω���������������2  I- f 2 + 1 + 2 f *  f - H f * L2 M
= Ñ m Ω���������������2  I-H f - f * L2 + 1M

and hence

YHD pL2 ] = Ñ m Ω���������������2 .

Therefore,HD xL HD pL = Ñ�����2
and hence the coherent state is a minimum uncertainty state for any f .

(g) [optional]

We take the solution from Eq. 2
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Ψf@x_D = J m Ω
���������
Π @

N1�4
 ExpA-

i
kjjjjjjj$%%%%%%%%%%%%m Ω

���������
2 @

 x - f
y
{zzzzzzz
2

+
1
�����
2

 Hf2 - Abs@fD2 LE;
and apply the operator a  as in part (b)

resa = $%%%%%%%%%%%%m Ω
���������
2 @

 
ikjjjx Ψf@xD + i

1
���������
m Ω

 
@
�����
i

 ¶x Ψf@xDy{zzz;
.  The desired result is

resd = f Ψf@xD;
.  We see that they are indeed the same

Simplify@resa - resdD
0

(h)

The Heisenberg equation of motion is

i Ñ d��������d t  x = @x, HD = Ax, p2

����������2 m E = i Ñ p������m ,

i Ñ d��������d t  p = @p, HD = Ap, 1�����2  m Ω2 x2 E = -i Ñ m Ω2 x.
There are many ways to solve these coupled equations.  One way is to use the exponential of a matrix.  Write the equations
in the matrix form,

d��������d t  J m Ω x
p

N =
ikjjj Ω p

-m Ω2 x
y{zzz = ΩJ 0 1

-1 0
N J m Ω x

p
N.

Therefore,J m Ω x
p

N HtL = expJJ 0 -i
i 0

N i Ω tN J m Ω x
p

N H0L = expHΣ2  i Ω tL J m Ω x
p

N H0L.
Here, Σ2  is one of the Pauli matrices.  The exponential factor can be worked out using its Taylor expansion,

expHΣ2  i Ω tL = â
n=0

¥ 1�������n!  Σ2
n Hi Ω tLn .

It is easy to check that Σ2
2 = 1, and hence Σ2

even = 1, Σ2
odd = Σ2 .  Therefore,

expHΣ2  i Ω tL = â
n=0, even

¥ 1�������n!  1 Hi Ω tLn + â
n=0, odd

¥ 1�������n!  Σ2 Hi Ω tLn

= 1cosΩ t + i Σ2  sinΩ t = J cosΩ t sinΩ t
-sinΩ t cosΩ t

N.
We find the solutionJ m Ω x

p
N HtL = J cosΩ t sinΩ t

-sinΩ t cosΩ t
N J m Ω x

p
N H0L

= J m Ω xH0L cosΩ t + pH0L sinΩ t
-m Ω xH0L sinΩ t + pH0L cosΩ t

N.
Using this solution, we calculate the expectation values,Xx\ HtL = X f È xHtL È f \ = Y f É xH0L cosΩ t + pH0L�����������m Ω  sinΩ t É f ]

= "#############Ñ���������������2 m Ω  2 ReH f L cosΩ t + 1�����������m Ω  "#############Ñ m Ω���������������2  2 ImH f L sinΩ t
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Xx\ HtL = "#############Ñ���������������2 m Ω  2@HReH f L cosΩ t + ImH f L sinΩ tD .

Xp\ HtL = X f È pHtL È f \ = X f È -m Ω xH0L sinΩ t + pH0L cosΩ t È f \
= -m Ω "#############Ñ���������������2 m Ω  2 ReH f L sinΩ t + "#############Ñ m Ω���������������2  2 ImH f L cosΩ t

Xp\ HtL = "#############Ñ m Ω���������������2  2@-ReH f L sinΩ t + ImH f L cosΩ tD .

Indeed, these solutions correspond to the classical ones.

(i) [optional]

The Schrödinger equation gives È n, t\ = e-i H t�Ñ È n\ = e-i Ñ ΩHn+1�2L t�Ñ È n\ = e-i ΩHn+1�2L t È n\ .  
Using what we showed above, È f \ = â

n=0

¥ f n

��������������!!!!!!!
n!

Ë n^ , 

its time evolution isÈ f , t\ = e-i H t�Ñ  â
n=0

¥ f n

��������������!!!!!!!
n!

Ë n^ = â
n=0

¥ f n

��������������!!!!!!!
n!

Ë n^ e-i ΩHn+1�2L t

= â
n=0

¥ H f e-i Ω t Ln

��������������������������!!!!!!!
n!

Ë n^ e-i Ω t�2 = È f e-i Ω t ^ e-i Ω t�2
È f , t\ = È f e-i Ω t \ e-i Ω t�2 .

where the coherent state in the last expression has the eigenvalue a È f e-i Ω t \ = f e-i Ω t È f e-i Ω t \ .  

(j)

The probability density on x  is È Xx È f e-i Ω t \ È2 , i.e.

Ρf@x_, t_D = Conjugate@Ψf@xDD Ψf@xD �. 9f ® $%%%%%%%%%%%%m Ω
���������
2 @

 x0 Exp@-I Ω tD=;
.  For the convenience in plotting, we set all the constants to 1

Ρfc@x_, t_D = Simplify@ComplexExpand@Ρf@x, tDD �. 8m ® 1, @ ® 1, Ω ® 1, x0 ® 1<D
ã-Hx-Cos@tDL2
��������������������������������!!!!Π

.  Now we animate over time interval t = H0, 2 ΠL  with gaps D t = Π � 4:

<< Graphics‘Animation‘;

MoviePlot@Ρfc@x, tD, 8x, -4, 4<, 8t, 0, 2 Π, Π �4<,
AspectRatio ® .5, PlotRange ® 88-4, 4<, 80, 0.6<<D;
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Perfectly oscillatory Gaussian!  Here m ~ @ ; however, as one would expect by the Correspondence Principle, as m p @ ,
the Gaussian approaches a delta distribution.

2. Time Evolution of Gaussian Wave Packet [optional]

(a)

The result for Xq È Ψ\ = ΦHqL  from Hwk 4 is

Φ@q_D =
ikjjjj 2 d2

������������
Π @2

y{zzzz
1�4

 ExpA I Hp - qL x0
������������������������������

@
E ExpA -Hp - qL2  d2

���������������������������������
@2

E;
.  It is given thatÈ Ψ, t > = Ù e-i q2  t�2 m @ È q\ Xq È Ψ\ â q
so

ΨHx, tL = Xx È Ψ, t\ = Ù e-i q2  t�2 m @  Xx È q\ Xq È Ψ\ â q

= Ù e-i q2  t�2 m @  ei q x�@
��������������������!!!!!!!!!!!!!

2 Π @  ΦHqL â q .

This gives

myassumptions = 8m > 0, @ > 0, d > 0, x0 > 0, 8p, q, t< Î Reals<;
Ψ@x_, t_D =

IntegrateAExpA-
I q2 t

������������������
2 m @

E 
1

���������������������!!!!!!!!!!!!!
2 Π @

 ExpA I q x
�������������

@
E Φ@qD, 8q, -¥, ¥<, Assumptions ® myassumptionsE

ã
ä I2 ä d2 p Hp t-2 m xL+@ Im Hx-x0L2 +2 p t x0MM
���������������������������������������������������������������������������������������������������������������

2 @ H-2 ä d2 m+@ tL H 2����Π L1�4
�����������������������������������������������������������������������������������������������"#########################2 d + ä @ t����������d m

(Note that I defined ’myassumptions’ for use later so Mathematica understands the nature of the constants here.)

This result looks a little odd with the i ’s floating about and t  in the denominators, but ΨHx, 0L  is indeed just the ΨHxL  given in
Hwk 4:

TrigToExp@Simplify@ComplexExpand@Ψ@x, 0DD, Assumptions ® myassumptionsDD
ã

ä p x
������������@ -

Hx-x0L2
����������������������

4 d2

���������������������������������!!!!
d H2 ΠL1�4
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(b)

As we know Xx\ HtL = XΨ, t È x È Ψ, t\ = Ù ΨHx, tL*  x ΨHx, tL â x
which gives

meanx = Integrate@ComplexExpand@Conjugate@Ψ@x, tDD x Ψ@x, tDD,8x, -¥, ¥<, Assumptions ® myassumptionsD
p t
���������
m

+ x0

This is the expected result!

(c)

The second momentXx2 \ HtL = XΨ, t È x2 È Ψ, t\ = Ù ΨHx, tL*  x 2  ΨHx, tL â x
which gives

meanx2 = Integrate@ComplexExpand@Conjugate@Ψ@x, tDD x2 Ψ@x, tDD,8x, -¥, ¥<, Assumptions ® myassumptionsD
4 d4 m2 + @2 t2 + 4 d2 Hp t + m x0L2

��������������������������������������������������������������������������������������
4 d2 m2

So the dispersion−square YHD xL2 ] = Xx2 \ - Xx\2 is

dispx2 = Simplify@meanx2 - meanx2 , Assumptions ® myassumptionsD
d2 +

@2 t2
�������������������
4 d2 m2

Again, as expected, the dispersion increases with time; specifically, the disperson−square increases quadratically, as shown
below with all constants set to 1.

Plot@dispx2 �. 8d ® 1, @ ® 1, m ® 1<, 8t, 0, 10<D;
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(d)

There is only one Heisenberg equation of motion since @p, HD = 0, so like in part 1(h)

i @ d��������d t  x = @x, HD = Ax, p2

����������2 m E = i @ p������m ,
which clearly gives

xHtL = xH0L + p������m  t
or

xHtL = x + t������m  @�����i  ¶�������¶x
on the x  basis.

For the second moment,
d��������d t  x2 = x d x���������d t + d x���������d t  x = HxH0L + p������m  tL p������m + p������m HxH0L + p������m  tL

so

x2 HtL = H p������m L2
 t2 + HxH0L p������m + p������m  xH0LL t + x2 H0L

or

x2 HtL =  I t������m  @�����i M2
 ¶2

�����������¶x2 + t������m  @�����i  I2 x ¶�������¶x + 1M + x2 .

(e)

Again like in part 1(h),Xx\ HtL = XΨ È xHtL È Ψ\ = Ù ΨHx, 0L*  xHtL ΨHx, 0L â x
which gives

meanxh = IntegrateAComplexExpandAConjugate@Ψ@x, 0DD 
ikjjjx Ψ@x, 0D +

t
�����
m

 
@
�����
I

 ¶x Ψ@x, 0Dy{zzzE,8x, -¥, ¥<, Assumptions ® myassumptionsE
p t
���������
m

+ x0

Similarly, for Xx2 \ HtL
meanx2h = IntegrateAComplexExpandA

Conjugate@Ψ@x, 0DD 
ikjjjjjikjjj t

�����
m

 
@
�����
I

y{zzz2

 ¶x ¶x Ψ@x, 0D +
t
�����
m

 
@
�����
I

 H2 x ¶x Ψ@x, 0D + Ψ@x, 0DL + x2  Ψ@x, 0Dy{zzzzzE,
8x, -¥, ¥<, Assumptions ® myassumptionsE

4 d4 m2 + @2 t2 + 4 d2 Hp t + m x0L2

��������������������������������������������������������������������������������������
4 d2 m2

.  Thus, for YHD xL2 ] HtL  we find
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dispx2h = Simplify@meanx2h - meanxh2 , Assumptions ® myassumptionsD
d2 +

@2 t2
�������������������
4 d2 m2

These results in the Heisenberg picture are just as we calculated in parts (b) and (c) for the Schroedinger picture!

To check:

meanx - meanxh
dispx2 - dispx2h

0

0
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