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HW #5

1. Harmonic Oscillator

@)

We rewritethe HamiltonianH = p— %mw X2 usinga =4/ 5~ (x+i =), a" =/ 55 (x—i =), Wefirst calculate
Ta= Moy _P_ L 2 - 2 _ _h P
a a= 2h x Imw)(x+ mw) (X mw[p’x]+m2w2)_ (X w+mza12)'
Therefore,
2 P
hwa a= = 5> Mw? X ——hw+ P

andhenceH = 7w(af a+ 3).

(b)

Thegroundstateconditiona| 0) = 0 canbewritten in the positionrepresentatioas

<x|a|0)_< |\/'2—;’(x+|—)‘ > \/_x+|mi——)<x|0)

andhence
f d
(X+ 5 %) o0 =0
This equationcanbe solvedeasilyandwe find
l»[/O (X) =N e—mwxz/Zh .
To normalizethe wavefunction,we compute
nh

2
—Mw X221 _
(e ) dX=+/ 75 -

Thereforéofhe correctlynormalizeogroundstatewavefunction is

Yo (x) = ()" emeran,
The shapeof thewavefunctlon is

( mw | 174

nth

E-Mme x2/2n

Yo [X_]:=
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Plot [¢o[X] /. {M>1, w-1, A1}, {X, -3, 3}1;

Thefirst excitedstateis givenby | 1) = a' | 0), andits positionrepresentatioby
- w .1 nod
(XD =(x|a" [0y =y B (x—i 5 T ) (X10)

14 1/4 —
— %ﬂ_ (x+x)(%’) e mwxX?/2h) _ (L;l;_) %,_ 2 x @ Mmw X /(2h)

Its shapds

mw | 174 mw )
o -Mw X< / (2 h)
wl[x_]._(—"h) “’_21?1 2xE

Plot [¢p[X] /. {M>1, w1, A1}, {X, -3, 3}];

0.6
0.4}

0.2}

-0. 6

Checkthatit is properlynormalized:
2 . mo
Integrate[y; [x]°, {X, -», o}, Assunptions -> Re[——ﬁ——] >0]

1
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Theseconobxcitedstateis givenby v2 |2 | >=a*| ) andits positionrepresentatioby
1 1

(x12) = 2= (x|a" 10) = 7y 57 (x=i 7z T 95) I D
Its shapds
Si ol i § 1 mw h b
i i _ ] — [x X] - — X1, X
np y[ﬁ Zﬁ(m[] — DY [X] ])]
e ™ (2mx2 w - h) (o)t
A2 nl/4 p
e "7 (2 mx2 w- h) (i“-"’—)“4
Yo [X_]:=
'\/—2—7r1/4ﬁ

Plot [y [X] /. {(M>1, w1, A1}, {x, -3, 3}];

0.6}

0.4}

Checkthatit is properlynormalized:

, _ mw
Integrate [y, [x]?, {X, -®, ®}, Assunptions -> Re[T] >0]

(d)

Fromthedefinitionsof theannihilationandcreationoperatorsye cansolvefor x,

_ . _n U
X= m(a+a).

Startingwith the expectation/alues

Xy =Mn|x|n)= (nja+a’|n)

me

=V 7wz (n[(VR[n-1)+Vn+1]n+1))

Becausef the orthonormalityof the Hamiltonianeigenstateén | m) = 6p m ,
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Xy = 0.

Moving onto thevariance,
0) = i (| @+a)’ ) =

2Mw

:m-<n|2N+[a,a*]|n)

a+aa’ |n),
(2n+ 1).

me
(A7) = 52— (2n+1).

Fromthe definitionsof theannihilationandcreationoperatorsye cansolvefor p,

p=-iy 3% (a-a).

Togetherwith the expressmrfor x fromthe previousproblem,you caneasilyverify [x, p] =i #. Startingwith theexpecta
tion values,

(P =(nlpim=—iy 3% (nja-a' n),
(P =0.
Moving onto thevariance,

(p?)=-12%(n|@- ay’ |n)=22% (njaf a+aa’ |n),
=122 (n|2N +[a, a‘]|n)_hm‘” @2n+1).

(A p?) = 222 2n+1) .

Therefore,
AX (AP =5@n+1).
Thegroundstaten = 0 is aminimumuncertaintystate while the excitedstateshavelargeruncertainties.
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(€)

Therearemanywaysto showthis.

Firstof all, usingtherelationa’ |n) = vn+ 1 | n+ 1>, we canshowthat
@)"|0)=vnl|n)
by recursion. It obviouslyholdsfor n= 1. If it holdsfor n, then + 1-th oneis
@)™ |0)=a'(@")"|0)=a" vnl [n)=vn! Vn+1|n+1)
—VO+ D! [n+1)

, andit holdsagain. Thereforejt holdsfor all n.

Usingthedefinition
=l [oel®2=%"" L @) |oel?,
neo M
we canwrite it as

a|f>—az ‘>e*|”2/2=2:’1‘/_. n— 1> IR 2

Wherethesummat|ons nowtakenonlyfroml 1 becauseé=0 termvanlshe$ya| 0) = 0. Continuingon,

S N N P L /- 0 N s -1 /2
alt) anl.\/(n—l)! |n 1>e Zm:o Vmt m>e ’
wherethedummyvariablewaschgnedom= n- 1. Pullingonefactorof f outof thesum,

a|f)= fZ;O —j-r:_!—|m>eflf|2/2 = f] f>.

Anotherway to showthe sameresultis by first showingtherelation
la @)"]=n@)""

It obviouslyholdsfor n= 1. If it holdsfor n, then + 1-th oneis
[a @)™ ] =[a a"@)"] = [a a1 @"" +af[a @)"]

=@)" +a' n@)" = (n+ @)™
andhenceit holdsaswell. Thereforejt holdsfor anyn.

Then

Startingwith the definition
_ ofaf A2 N 0 D ~1f12 /2
If=e |o>e Do @) \2)ef -
= ) -IfP2 = i ¥
alf)= az B " @ >e Zn_o —la @)
Here weusedthefacta|0> 0. Usmgtherelatlonshownabove

T @y e = % -If2/2
alf)—Zn_1 n@") |0>e an = 1)'( ol ‘ >e
wherethe summationis now takenonly from i = 1 because = 0 term vanlshesby [a, 1] = 0. Changingthe dummy

variabletom=n-1,

alf)= Z::O me'l (aT)m ‘0> e If?/2 ,

0> elf?r2

alfy=1Y & @) |oje!™2=1).
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Finally, we verify thenormalization,

<f | f> ‘”2 Zm— Zn 0 :n'm O|am(aT) |O>

Considera actingontheleft anda1 actmgontherlght againby orthonormalitywe musthavem = n, so

(f11) = el 3" L (n| VRl Vil |n)
= glf? Zm I niny= elfP P

(F1f) = 1.

(f)

Usingtheresultfrom (d),

(FIxI = (f |y w2 @+a) | f) =) 5o (F+ 1) =+ 55 2Ra).
Here,we usedthefact (f |a" = (f | f*, obtainedby takingthe hermitianconjugateof a| f) = f | f). Similarly, usingthe
resultfrom (e),

(f|p|f)=< ‘—u/ hme (- a*)‘ > Ao (f— )=/ 202 21m(f).

Now onthevariance,
(f|x2|f>_(f| P @+a) |f)_ me <f|a2+aa‘ +ara+@) | f)
=2m(f|a2 +la a']+2a" a+ (@) | f) = (f2+1+2f*f+(f))
(f + +)° +1)

:me(
andhence

(0%°) = 75

Similarly,
(F1p2 11y =(f|- 152 @-a)’ |f>_hmw<f|—a2+aaT+aTa—(a*)2|f>
= Mme (f]-a? +[a, a']+2a" a— (@) | f)= A2 (<12 4 142 F - (F)?)

= 25 (<= 1" + 1)

andhence

((A ) >_ hmo

Therefore,

AXAp =3
andhencethe coherenstateis a minimumuncertaintystatefor any f .

(g) [optional]

We takethesolutionfrom Eq. 2
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2
mw 174 mw 1
wf[x_]=(7r—h) Exp[—[.‘lﬁx—f] +?(f2-Abs[f]2)];

andapplythe operatora asin part(b)

'mw 1 n
resa = R (xz[rf [X] +i —— — & l[ff[X]);
2h mo i

. Thedesiredresultis
resd =f yf [x];
. We seethattheyareindeedthe same

Sinplify[resa-resd]

(h)

The Heisenbergquationof motionis
.. d 2 .
ingex=[xHl =[x &=]=inE,
i S p=[p Hl=[p, 5 Mw? ] =-iima? x.
Therearemanywaysto solvethesecoupledequations.Oneway is to usethe exponentiabf a matrix. Write the equations
in thematrix form,
d (MwX) wp 3 0 1\/ mwx
m( p )_(—mwzx)_w(—l O)( p )
Therefore,
mw X 0 —iy. Mmw X . mMw X
( ; )(t):exp(( - )th)( ; )(0)=exp(<rz th)( ; )(0).
Here,o, is oneof the Paulimatrices. Theexponentiafactorcanbeworkedout usingits Taylor expansion,
expozion=) G iwy".
neo M
It is easyto checkthato»? = 1, andhencer,©¥¢" = 1, 0,°% = o, . Therefore,
. _ o0 i . n © i . n
expoziwt = ) Liwt +Zn:0,odd Lot

n=0, even
coswt sinwt )

=1lcoswt+ios sinwt =( :
—sinwt coswt
We find the solution

("0 0= Saner come) ("5

)©

( Mo X(0) coswt + p(0) sinwt )
—mw X(0) sinwt + p(0) coswt /*
Usingthis solution,we calculatethe expectatiorvalues,

X =(F x| )= (f [xO) coswt+ B sinwt] f)

h 1 himw .
=4 w7 2Ref)coswt + — >— 2Im(f)sinwt
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X) (1) =+ =2— 2[(Ref)coswt + Im(f) sinwt].

2mw

PO =(Fp®| )= (f[-MwxO)sinwt+ p(0)coswt| )

fimw

u 2Ref)sinwt + 4/ —— 2Im(f)coswt

2mw

= —-Mw

(p) (t) = ﬁ";“’ 2[-Re(f) sinwt + Im(f)coswt].

Indeed thesesolutionscorrespondo theclassicabnes.

(i) [optional]

The Schrdlingerequationgives
In t)=e" Ht/n In) = g i w12 t/h In) = g i wn+1/2)t n.

Usingwhatwe showedabove,

|](>:Z:o=o \/fr:_' ‘n>’

its time evolutionis
i ©  fn ©  fn i
ft =e|Ht/hZ o n>:z n>e|w(n+l/2)t
| ) n=0 vn! n=0 vn!

o —iwtyn . f ;
_ Z ) (fi/n_') n> eiwt2 |fe—|wt>e—|wt/2
n= !

| f, t = | fe—lwt>e—lwt/2 )

wherethe coherenstatein thelastexpressiomhastheeigenvalue | f e'«t) = f e'@t | f g7 @1),
The probabilitydensityonx is | (x| f e “!) 2, i.e.

Mo
of [x_, t_] = Conjugate[yf [x]1] ¢f [x] /. {f -»J TS X0 Exp[-1 wt]1};

. Fortheconveniencén plotting, we setall theconstantso 1
ofc[x_, t_1 =Sinplify[Conpl exExpand[pf [X, t]1]1 /. {(M->1, A->1, w-1, x0-1}]

- (x-Cos [t])?2

Ve

. Now we animateovertimeintervalt = (0, 2x) with gapsAt = n/4:

e

<< Graphi cs' Ani nation‘;

Movi ePl ot [pfc[x, t], {X, -4, 4}, {t, 0, 2x, =w/4},
AspectRatio- .5, PlotRange - {{-4, 4}, {0, 0.6}}];
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-4 -3 -2 -1 1 2 3 4

PerfectlyoscillatoryGaussian!Herem ~ 7; however,asonewould expectby the CorrespondencBrinciple,asm > 7,
the Gaussiarapproachea deltadistribution.

2. Time Evolution of Gaussian Wave Packet [optional]

(@)

Theresultfor (q| ¢) = ¢(q) from Hwk 4 is

2\ | (p-q)x0 ~(p-q)? d
Exp| —— | EXp| —m8 — |
J Pl[—F——]&p[—F—I

2d
¢[a_] = (

7 h2

. Itisgiventhat
|y, t> = [ed2mh g (q|y)dq

SO
Yt = x|y, 1y = [elFV2mh x| gy(q|yydq
= [ei@vEm S 4g dq.
This gives

myassunptions = {m>0, >0, d>0, x0>0, {p, q, t} € Real s};
¥x_, t_1=

| g2t 1 I qx _ .
Exp| - ] #1a1, {9, -, =}, Assunptions - nyassunptions]

I ntegrate[Exp|[- > ] —
7T

i(2id2 p (pt-2mx)+h [m(x—x0)2+2pt x0) ) 1/4
e 2h (-2idZ mnt) (

[ int
2d+ 4w

(Notethatl defined’'myassumptionsfor uselatersoMathematica understandthe natureof the constantere.)

SN

This resultlooksallittle oddwith thei’s floating aboutandt in thedenominatorshuty(x, 0) is indeedjustthey(x) givenin
Hwk 4:
Tri gToEXp[Si mpl i fy [Conpl exExpand[¢[x, 0]], Assunptions - myassunpti ons]]

ipXx B (x—xO:z
e n 442




HW5.nb 12

(b)

As we know

M) = @, tIX1g, 0 = [ " xp(x Hdx
which gives

meanx = | nt egr at e [Conpl exExpand[Conj ugate[¢[X, t1] X ¢[X, t1],
{X, -, o}, Assunptions - nyassunpti ons]

pt + X0

This is the expectedesult!

(©)

The secondnoment
Oy (M) = Wt 1Y, ty = [u(x 0 X2 g(x, ) dx
which gives

meanx2 = | nt egr at e [Conpl exExpand[Conj ugat e[¢[Xx, t 1] X% ¥[x, t]1],
{X, -, o}, Assunptions - nyassunpti ons]

4d*nt +h2t2 +4d2 (pt + mx0)2
4 d2 n?

Sothedispersion-squarga x)z) = () —(0?is

di spx2 = Si npl i fy[meanx2 - meanx?, Assunpti ons - nyassunptions]

n? t?

2
&

Again, asexpectedthe dispersionincreasesvith time; specifically,the disperson-squaliecreasegjuadratically asshown
belowwith all constantsetto 1.

Pl ot [dispx2 /. {d-»1, A-»1, m->1}, {t, 0, 10}1;
25
20
15

10
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(d)
Thereis only oneHeisenbergquationof motionsince[p, H] = 0, solike in part1(h)

. d 2 .
ihgrx =[x H] = [x =] =inL,
which clearlygives

xt) = x(0) + &t

or
Xt = X + % T— %
onthex basis.
For thesecondnoment,
TR =xF+ Ex=xO+ 22+ L x0+ 21
SO
_ (P2 [
X (1) = () 2+ (XO0) = + 2 x(0) t + x2(0)
or

t h\2 2 t % 9
XM = (5T7) 3=+ w1 @xx+1+ 2.

(€)

Againlike in part1(h),
M = WIx 1) =[x 0) x®)g(x 0)dx

which gives

t h
neanxh = | nt egr at e [Conpl exExpand [Conj ugat e [¥[x, 0]] (x ¥[x, 0] + — T 3y ¥IX, 0])],
m
{X, -, o}, Assunptions -» myassunpti ons]
pt

— +x0
m

Similarly, for (x?) (t)

meanx2h = | nt egr at e [Conpl exExpand |
_ t h)2 t h
conj ugate[w[x, 011 | (= T 0x 0 wix, 01+ — T (2x 0 ix, 01 +¥[x, 01) +x wix, 01]],
{X, -, o}, Assunptions»nyassunptions]

4d4m +h%t2+4d2 (pt +mx0)2
4d2 n?

. Thus,for (A x)2>(t) wefind
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14

di spx2h = Si npl i fy[nmeanx2h - nmeanxh?, Assunpti ons -» nmyassunpti ons]

n 2

2
0° + Tz e

Theseresultsin the Heisenbergicturearejustaswe calculatedn parts(b) and(c) for the Schroedingepicture!

To check:

nmeanx - meanxh
di spx2 - di spx2h

0

0



