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Final

1. Zeeman effect

(@ The sodiumD-linesarethe transitionsof 3 p3;» — 3512 (5890A) and3 py» — 3512 (5896A). The corresponding
photonenergiesare2.105eV and2.103eV, respectively.

In aweakmagnetidfield, the3 pz, levelsplitsinto four levelswith m; = % % —%, —%, the 3 py/2 levelinto two levels
with m; = % -5, andthe3 sy, level into two levelswith m; = % -5 . Following SakuraiEg. (5.3.32),the energyshifts
are(in Gaussianunits)

e

enB
ABp = —5me mj(1x 2|+1)
to give
AEBZ—%%mj f0r3p3/2,
AEgz—%émj for3py2,

AEg =22 2m; for3syp.

The Bohr magnetoris - = —5.78810 ° eV/T.

(b) Underthe electricdipole transitionswe havethe selectionrulesAl = £1, andAm; =0, +1. Thereforethe allowed
transitionsm; * - m; , andcorrespondinghotonenergiesire:

3p3/2 —>3Sl/2
3 1. enB 1 —5
777 1E=2.105V - e (3 (— >-2 ?)eV/T =(2.105+5.78810 ° B/T)eV
7~ 71 E=2.105V- e ? > -2=)eV/T =(2.105- 1.929107° B/T)eV
5 - —3:E=2105V - % (% 5 —25)eV/T = (2.105+9.64710°° B/T)eV
-% - > E=2.105V- = (5 5 -2 %)eV/T = (2.105-9.64710°° B/T) eV
—5 -2 E=2105eV- 522 (21 2 )eV/T (2.105+ 1.92910 ° B/T)eV
—3 5 -3:E=2105ev- S5 (2225 —)eV/T (2.105-5.78810° B/T) eV
3 P12 = 3s12
1 1. en 1 —5
773t E=2.103eV- Z—mgB(5 5= 2)1eV/T (2.103-3.85910 BS/T) eV
77277 :E=2.103eV - e—m§(— ?‘ —)eV/T =(2.103+7.71710 ° B/T)eV
~2 - 2:E=2.103eV - L(§ . )eV/T (2.103- 7.717107° B/T) eV
~5 > -5:E=2103V- s (5 3 -23)eV/T = (2.103+ 3.85910 ° B/T)eV.

The5890A line splitsinto six equallyspacedines,while the 5896 A splitsinto four lineswith unequakpacings.
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Pl ot [{2. 105 +5.78810™° B, 2.105-1.92910™° B, 2. 105 +9. 647 10™° B,
2.105-9.64710° B, 2.105+1.929107° B, 2.105-5.78810°° B, 2. 103 - 3. 859 107° B,

2.103+7.717107° B, 2.103-7.717107° B, 2. 103 +3.859107° B},
{B, -5, 5}, PlotRange » {2.102, 2.106}, AxesLabel » {"B [T]", "E, [eV]"}I;
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The fact thatthereareevennumberof lineswith unequalsplittingswascalled"anomalousZzeemareffect" becauset could
not be"explained"by semi—classicatxpectationsvithoutthespin.

By theway, for the magnetidield largerthanafew Tesla,obviouslythe2 p;, and2 ps;, statescomecloseandhencethe
magneticfield cannotbe treated"'weak." Both Paschen—-BackndZeemareffectsneedto be consideredsimultaneously
usingthe degeneratgerturbatiortheoryby diagonalizingthe perturbatiormatrix aswe discussedn the class. We will do

this belowin 4(c).
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2. Dyson Series
(@) TheDysonseriesupto O(V?)is

U.(t)—1+‘—'f VitHdt + (5 )f f V() V() dt dE + O(Ve),

We takeits matrix elementbetweerthe samestates,

<||U.(t)||>—1+‘—'f Vi) iydt + (5 )ff (Vi) Vi) [iydt” dt’ +O(V3).
Thesecondermis
S 'dEtmy e B U g = DLyt
o ii n Vii b

which is identifiedwith theterm ‘7' AP tin Eq. (). Thereforewe reproduceheresultfrom thetime-independemnterturba
tion theory

&Y = Vi
Thethird termproducesnanyinterestingcontributions. Insertingthe completesetof intermediatestates,
[iNe ptopt , L ) ,
(5) % L dvievien 1 de d
t ot i , Y ) ,
:_712—1(‘) fo Y V@) [my(m| Vi (t”)]i)dt” dt
= _hiz J(‘)tj(;t’ Zm V|m e—i(Em_Ei)t’/h le é(E| —Em)t" /h dtn dty
t ot . . ) i § ’
= ‘hizf f (Vi Vi + X, Vim €G-80/ eriE =Bty gt dt

- ( Vi t2+Z ‘Vlm’ f f e iEn—EN (T t)/hdtndt)

;,2

1 ( V t2 ‘ | t 1-e” i(Em-Ej ) t'/h ,)

= + \ dt

T2 i Zmﬂ tm f REEE

1 2 1 e i(Em -Ej)t/h -1
h_z( Vi“t +Zm¢| ‘V'm| i(Em—E/h (t_ —iEn—E)/h ))
1 iEm-E )t _q1

1 2 —i e -
h—zv.. t +Z |V.m| Em (7”75—5“ )
1\ i Vim 2 VimlP (B —Ei)t/h)
2 VII t + h (Zmii Ei —Em t) + (Zm¢i (Ei ~Em )2 €
(5, 2257)
Mei (Ei —Em)z )

@ )

|
NN

Thefirst termis 5 (5= A, while thesecondermis - A; ® t with

@ _ Vim[?
AI _Zmil E —Em °

Thelasttermis a partof thewavefunctionrenormalizatiorfactor

2
. = 1 |V|m|
Zmﬂ (Ei Em)
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Vim

EE. - For

Finally, the third termis the time—evolutionof the statem mixed to the statei dueto the perturbationby
t - o0, thistermoscillatesrapidly andcanbedroppedhoweverit is therefor afinite t.

N.B.: Justin caseyou arewonderingwhy this works, hereis thereason(nota partof theexam).

Using the notationof the time—independerperturbatiortheory,our intial andthefinal statesarethe unperturbed i?). It
canbeexpandedn thetrue Hamiltonianeigenstateas

@) = Sy M) (MITO) = [ G 1IO)+ Ty 1M (MII@).

Thewavefunctionrenormalizatiorfactoris Z, = | (i |i©)|?, andhence(with a properphaseconvention)

1@y =z i)+ X, 1M)(m[i©).
Thetime—evolutionoperatoiin theinteractionpictureis U, (t) = € V2 U(t) (Eq.(5.6.9)in Sakuraiwith ty = 0), so
(@ TUIO119) = (@ [P U [(@) = €571 (@ [u @)
=&Yz (U i)+ et (MIU® [M) [ (M) 2)

=Z el E-EO)yn | Z e En—EO)th ‘<m| i(°)>|2 _

Mi

If you expandthis expressiornup to O(V?), you recoverpreciselythe resultobtainedabove. This techniqueandthatbelow
aresomehownotdiscussedn anytextbooks know. If youfind one,let meknow.

(b) Followingthe samestepsasabove,

(G L avievan i de dr
= L S V) Ty IV () [y dt” dt
= fotfof S Vim coswt’ e En Bt/ v coswt” e ! E-Emt/h gt dt’
-1 fotfot’ (Vi coswt’ coswt”

+ Y Vim Coswt’ e EnEIR Vi coswt” e !B En T gt dt’ .

Becausewe areinterestedn the termthatgrowsast, we candropall the otherterms. Namely,the integrandof the first
termoscillatesrapidly for larget andt’, andwe dropit. Thesecondermis

1 : et ' i (En—E) '/
_h_zzmv'm\/m'fo fo coswt’ eiEn
« % (e(E ~En+ho)U/h 4 i En-ho)U'/h) dt gt

1 t b
=-= Vim Vmi [, coswt’ e !En=E)t/A
72 Zmﬂ im Vmi jC‘)

1/ i€ -Em+ha)t/n _1 e i(E ~Em-ha)t/h _q
x5 ( 5E Enthoyh T O@ Enhoyh

)dt’
_ 1 ‘ . t , 1 eiot _giEm—§)t/m dot _giEm-E)t/h ,
=% Zm4:i Vim Vmi fo coswt’ 5 SE Envhoyi . T SE —Ensho)h )dt’.

Thetermswith e™'En-E)t/2 ggcillaterapidly andcanbe dropped. Then,

__1 . ('l Got ot gt gdot ,
=T Zm;«:i Vim Vi fo T(el +e? )(—i(Ei—Em+hw)/h + —i(Ei—Em—hw)/h)dt .
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Only thetermswithout the oscillatoryfactorsgive O(t) contributions,

o _ 1 1 1
= TZwi Vim Vi Z(E@—Em#:w + Ei—Em—hw)t

=L -y L 2(E ~En)
=3 Zm:ti Vim Vi 7 € Eitho) G -Enho) t
_oil Vi P 6 Em)
T oh2 mei (B —Em)? —(hw)?

Therefore,

(2) 1 Z |Vm|| (Ei —Em)
mei (€ —Em)—(hw)?

The expressiordoesnot go backto thatin thetime—independemnterturbatiortheoryin thelimit w —» 0. Thisis becausehe
quantityis thetime averageof the oscillatingfunction{(cos wt) = %

(c) In thiscasetheperturbatiorisV = eEy zcogk X — wt), hence

(2) 1e2Eo Z _|Zmi P(Ei —Em)

mei (B —Em)* —(hw)®
Here,we usedtheelectricdipole approximatiorandsetk x = 0.
This energyshift shouldbe comparedo theenergyof theelectromagneticvave
[d® x 3 (Ep cogkx—wt)’ = [d® x 3 Eo?
wherethetime averagecos wt) = % is taken. Thereforejt correctshe Lagrangiardensityas

17 o tE2(1-Noe ) ImlEEl )

mei (B —En)" -(hw)

N - . . ey s
where; is thenumberdensityof hydrogenatoms sothe polarizabilityis

a,:2e2 EOZZ |Zmi|2(Em—E|)2

mei (B —Em)?—(ho)

which agreeswith the staticcasewhenw - 0.

(d) With thepolarizabilityandthe numberdensityN /V,

1/2 ) .
Nw) =(1+a) =1+y 2 E° )] i PEn-ED)

mei (Ei —Em)? —(hw)?

Clearly the denominatotis smallerfor largers w < | Ej — En, |, andso the index of refractionincreasesas wavelength
decreasesThis leadsto the predictionthat...

.. redis atthetop andviolet atthe bottomin arainbow,which obviouslyexplainsthe our experience.Seee.g.,

http://acept.la.asu.edu/PiN/mod/light/opticsnature/rainbows.html

Now you canproudlytell your parentghatyou fully understandherainbowfrom thefirst principle.
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3. Uranium a—decay

We computetheintegral

2(Z-2) ¢? 2 (Z-2) ¢?
L tpe o,

r EO
Tint[r_] =Integrate[vV2m(V - EO), r]

: Jm(m 208 (2:2) )

22 /r \Jm(-E0+ 222 ) (2. 7) Log[2+/EO VI +2+/4¢2 +EOr -2 Z |
VEO v/4q2 +EOr -292 Z

V=

V2

to give theturningpointsandprobabilities
ergtonev = 624150. 97;
constants = {m- 3727.37917 / (2. 99792458 « 10'° )2

h-6.58211915%107%%, 292, a»5%107"%, q-4.802%107'% x+/ergtonev };
energies = {1, 3, 10, 30};

2
T=Exp[—; (Tint [b] -Tint [a]) ];

(tp /. EO > energies /. constants) .01
(T/. b>tp-$MachineEpsilon) /. EO » energies /. constants // Re

(2.59064x10 3, 8.63545x10 1%, 2.59064 x10 '*, 8.63545x10 1%}

{4.08218x1071?8  6.29166x10°%, 3.4855%x1072%, 0.000152428)

Mathematica note:

We know thatthe WKB integralblows up at the classicalturning point b, sothis mustbe handlednumerically. In the

computationabovewe takeb » b — €, wheree is the '$MachineEpsilon’,or the upperboundof positivenumberss for
which 1.0+ ¢ = 1.0 onone’scomputer.
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4. Paschen—Back Effect

Becausave considerstateswith J, = %h and% #, we needto look at
|2 2)=111>8]3, 7).
suchthat
12 2=F 22 =F3 1183 3)
—VF [10o|3 1)+ F[u1e]1-4)
It is easyto find the orthogonalinearcombination,
13 3)=-Flvoel s 3V 1 y]5-3)
\/—
(& WhenV; >V, , wefirst diagonalize/; with theeigenvaluegivenby statesof definite],
L-S=m L(j+D-10+D-ss+ 1) =72 2 (j(j+D-2-2)

whichis

Sk
N
N -
—
N| w
NJE
|
N
|
ININ)
—_
Il
Sk
N
=
-
o
-
—
Il
~No| w

@ _ " €\ 1 _ n* .3
A7 T 2m (rT>7_96a4c2m3 fOI’j—f,
o _ L €\ _ n !
A7 T~ T 2m a2 (rT>__48a402r’n3 fij—7

usingthe expectatiorvaluescalculatedn HW #11. Furthershiftsdueto thefirst orderin V, are

1 _  enB 1\ enB .3
A3 __2mc(1+97)__ mc fOI’j——Z-, mj =

N| w

8y =-3me (50+93)+ 3 (1+9 7)) =-3re (5+95)

enB .3 1
~ 3mc for]:?’mJ':—Z-’

M __ 18 (10, o), 2 (1 g t))o B (2 o1

A3 =-5me(5(0+93)+5(1+g 2))_ sme (5 96)
ehB 1 1
—Eme forj_i,m,_f.

Thereforethetotal shiftsare

AD — M enB
96a% c2 m? mc

©___n __ _ enB i3 =21
A — 96at 2 md 3mc fOI‘J— mJ_Z’
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AD - ___ M enB
— 4Batc2md 6mc

(b) WhenV; >V, , wefirst diagonalizev; with theeigenvaluegivenby statesof definitem andms,

A(Zl):_zezc(m+gms)——ew(l+g )— eh form =1, ms =

AP =- 528 m +gmy) = -5

r\)||—\

(1+g( )) Oform=1m=—

A(Zl):—ze:‘;c(m+gms)——EhB(0+g ) ehB form Oms

The expectatiorvaluesof the spinorbit termis obtainedusing
<E§> =72 m ms. Therefore,

@ n & 1 _ n* _ _
AT = 2n¥ 2 (rT>'1'7_ 96a% c2 m? form=1m =3

NI

A = g (81)- ()= - sty form = L.m = -

2
Ag_l) = 2r’r:202 <§§—>0%:0f0rm =0m =5

Sothetotal shiftsare

- __n__ _enB - -1
A ~ 96a* 2 mc form_l'mS_Z’
O ___" - -_1

AT = 96a* ¢ e form =1,m = 2

AD =28 form =0, m =

(c) ForthelJ, = % 7 statebothV; andV, arealreadydiagonalto the extentthatwe ignoremixing with statesotherthan
2 p. Indeedtheanswerdrom (a) and(b) werethe samewhichis thefull answer

3

AD = n* ehB 3
>

T oe@Em for m =

FortheJ, = % 7, therearetwo stateghatmix. We haveto diagonalizethe matrix in the spirit of degenerat@erturbation
theory. Usingthe(j, m;) basisthespin-orbittermis diagonal,

h4
96a% c2 md 0
h4
0 T 48at 2 m

while themagnetianomenttermis not,
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_ ehB
2mc
E_L 0+gi
3(0+93)+5(1+07) \/E( f)( 21)
Vs (1re(-3)
ViFoe 1
3(0+95)+2(1+9(-3
gV E ey OO
2 2
_ ehB 3 3
2mc Ne) 1
R 3

Therefore we needto diagonalizehe matrix

n* _ enB ehnB
96a* ¢ m? 3mc 3v2 mc
ehB _ gn* _ ehB
3v2 mc 48a% c2 m? 6mc
at ehnB enB ehnB at

ehB

b

ei gen = Ei genval ues [{{

96 a4 c2 P 3mc 342 mc 34/2 mc 48 a4 c2 nd

1

{m (—h"’ a*c?nt -48nat Bclenr -
\/3 \/3 18 a8 c4 nP - 3215 al2 Be5 enf + 768 h2 alé B2 c6 e2 ni0 ),
W (71'"14 a*c?n? -48nat Bclen +

\/3 /318 a8 ¢4 nb - 3215 al2 BeS end + 768 n2 alé B2 c6 e2 nio ) |

£28) + 3072(

2mc

ha

enhB )2
a* c2 m3

2mc

ehB
4mc

h4
T 192" Zme

It

L AD =

2
¢ o |3l -4

1
form; = 5.

To verify thatthe eigenvaluesreconsistentvith theresultsin (a), we expandthemto thefirst orderin B,

Si npl i fy[Power Expand[Seri es[eigen, {B, 0, 1}11]

h4
96 a*cZndP

h4
{- 48 (a* c2 nd)

To verify thatthe eigenvaluesreconsistentvith theresultsin (b), we expandhemto the zerothorderin B,

Si npl i fy[Power Expand[Seri es[ei gen, {B, o, 0}]]]

1 h4
" 96 (a® cZ n?)

o[i]')

6 mc

1l
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Both of themwork out. Now we plot the eigenvaluesas a function of the magneticfield. The Bohr magnetonis

e _5.788x 10°° eV /T, while —s— = 1.789x 10°° eV. Thereforethetwo—by~twomatrixis

2mec —
1.78910° 2 V2
ei gennums= Ei genval ues [ {{ ————- = 5.788 107 B, —— 5788 107 B},
V2 1.78910° 1
{——5.78810° B, -———— - —5.788107° B}}]

3 48 3

{% (-1.86354x107 - 0. 00005788 B - 0. 00005788 +/0. 0000932961 - 0. 00643933 B + 1. B? ),

% (-1.86354x10° 7 - 0. 00005788 B + 0. 00005788 +/0. 0000932961 - 0. 00643933 B+ 1. B? ) |

Pl ot [{ei gennum[[1]] *10°%, ei gennum[[2]] #10°},
(B, -0.1, 0.1}, AxesLabel - {"B [T]". "AE [ueV]"}]:

AE [ueV]
1.5
1

0.

-0 —0-05 | T—6065—6-1
-0.5

-1
-1.5

The plot clearly interpolateghe two limits (a) and (b), andrespectshe no level-crossingheorem. Adding them; = >

stateandzoomingin a bit,

m xp = Pl ot [{ei gennum[[1]] *10°%, ei gennum[[2]] #+10%}, (B, 0O, 0. 02},
AxesLabel - {("B [T]", "AE [ueV]"}, DisplayFunction-ldentity];

1.789107° 5 6 _ . ,
pur ep = Pl ot [ ErT— -2%5.78810 B| »10°, {B, 0, 0.02}, Di splayFunction-|denti ty];

Show[m xp, purep, D spl ayFunction - $Di spl ayFuncti on];

AE [pneV]
S B [T]

we clearly seethetransitionfrom theregimenearB = 0, wherethe spin—orbitcouplingis dominantand2 p,, is depressed

to theregimeatlargeB, whereJ, is dominant.



