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Midterm

1. Particle on a circle

2 .2
(a) Into the Lagrangiarof a point particleL = % n(x +y ) we substitutan x = Rcosf, y = Rsing. Becausehe particle

is alwaysat theradiusR, x = —Résine, y= Récose, andhencel = % mR2 @ . Thecanonicamomenturris givenby its

definition, py = 9L _ mR? 0. TheHamiltonianis
00

. 2
H=py0-L=ps mf — 7 MR (5r)

_ P2
H = 2mR2 -

(b) TheHeisenbergequationof motionis

0= 16, H1=[6, B =ih e = &0 = 2
1 5c o = [Po, HI =[P, ok | =0 = 3 P =0.

The solutionto the secondequationis simply thatpy (t) = ps (0) is conservedandhence

6(t) = 6(0) + o t.

mR2

(c) The position—spacevave function is (6 | py | k) = ’?— (,f—g 01k =nk(0|k), andhencey(d) =(01ky =Ne*. To

normalizeit, we requiref;’r |W()|? d9=2xN? =1, andhenceN = 1/V27 , y(6) = —L_¢&kd  In orderto satisfy

. Var
(6 + 2m) = y(0), namelye?”' K =1, we needk to beaninteger

(d) The orthonormalityis simply

2n 271 ging j mé 21
mim = [niodo@im = [ S S_de= 5 [Temmid.

Whenn = m, theintegrands unity, andhencen| n) = % 27 =1 andis normalized.

é(m—n)@ 2n

= o[+ '] = 0 andareorthogonal.

_ 1 27 jmene g L
Whenn#m, (n|m) = ﬁfo e do= 5| T T

i(m—n) 0

(e) With thevectorpotential thereis anadditionaltermto the Lagrangian
Lit = qA-V = ' N=ql & ) si : _1 2 ¢
m=qA-V=q(Ax+A Y)=q2 & (yResme+xRecose) - LqgBd?6.
Thereforethetotal Lagrangiaris
.2 :
L= —;-mRZG +%qu26),

andhencethe canonicaimomentums modifiedas
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pgzgz-:mRzé+%qu2.

The Hamitonianis therefore

: 1
H:pge—szepLLBd___mRZ(pLz_qu_) %qBRZﬂ’ﬂ

mR2 mR2 mR2

= (2 - 2B py - L pe2+ L aBd py - £ @BR) - LB py + = @B’

= o (— Po? - 2 qBd? p + £ (@BA)

2
H= 25 (P - 39Bd?) .

The eigenvalue®f the canonicalmomentumis still p, = n# becausef the periodicity requirementandhencethe energy
eigenvaluesre

2
En = 5 (N7 - 5 qBd?) .

Eventhoughthe particlenever'sees'the magneticfield, the energyeigenvaluesreaffectedby the vectorpotential,another

manifestationof the Aharonov-Bohmeffect. Note also that the result dependsonly on the total magneticflux

2 .
2= qg:g modulointegers.

2. Landau levels
(a) We expandthe Hamiltonianin symmetricgauge,

2
H=i(Hx2+Hy2)=%((px—EAxfﬂpy—EAyf)—%( +<£2y) +(py——e-5x))
— (Px

24 p,2)+ D (6@ +y2) + wly Py — XPy)

H= 2 (02 + py2) + oo 0@ +Y2) + e (Y Py — X Py) =
wherew = eB/ 2mc. Usingthestandardscillators

mw

2h (X"'_ x), 8y = 2ﬁ(+mi_wpy)’

ax =
we canrecasbur coordinatesn oscillators,

hmw

X= me (@’ +ax), px =i (a" —ay)
=V 7wz @ +ay),py =iy 13 i @' -a).

Substitutingbackinto the Hamiltonian,

1 #7m
Hz—ﬁ ! ”((aXT) —a,fa,—acat +ayx +(ayT) -afa -aa" +a?)

mo? T T
- me (€N ) +aTag +aca +a? + (a] ) +ayfa, +a,a" +a,?)

rolil @ a’-aa+aya’ —ayax—aTa +a"ay—acay’ +aca)
2
h . . +
= (@Tac+acat +aa +a af +2i(aTay —a," ay)).

Usingthe commutatiorrelation[a, a’] = 1



midterm.nb

H=hw@" ax+a, ay +1+i@a" ay—a," ax)).
(b) Similarto above we canrecasthe Hamiltonianusingay = % (a; +a;) anday = % (a; —ay):
H=hw (@ +a") @ +a)+( )(az -a,") (7))@ -a)+2
+ia" +a,") (F) @ -a) -i(5) @t -a’) (@ +a))
=hw 5 L@, a, +a,a)+2

+@ -t —a a)+@ aata e —a e, -, )
=hw 3 2@ a +a’a)+2+2a"a -2a"a))

H=nwRa, ™ a, +1).

Now, applyingthis Hamiltonianto the presumedtigenstate,

H|n, m>=hw(2azTaZ+l)%|O O>

we needto commutethea, throughthe daggereaperatorgo theright. Let usevaluatehe commutatiorrelations:
[az, a,"] = %[ax +iay, at —iaT]= %(1+ 1) =
[a,, 8,71 = 3lax +iay, a’ +ig =5 1-1=
n n-1
Then, [a;, &,") |= n(@, ") ~ andso
H|n m =%w@2n+1)|n, m
asdesired.

(c) For an electron, the "Physical Constants"table from the PDG says the Bohr magnetonis
fg = 5 =5.79x10 "' MeV T, Theexcitationenergyis AE = 2.2 = 1.16x10°° eV for B= 100kG = 10T. The

correspondinghermalenergyis A E/k = 1.16x 1073 eV/8.62x 10° eVK1 =13.4K. At temperaturebelow a few
kelvin, practicallyall electrongpopulatethe groundstates.

(d) We havetherequirement

a,10,0) =%(ax+iay)|0,0>=%( e (x+ﬁpx)+i B (y+ﬁpy))‘0,0>

:W(x+|y+ = (i px — Py)) |0 O>

whichin the positionrepresentatiois

V29 (x4 iy + —= (i (=i hdy) = (=i 1Dy ) Yoo = | 2z (

Similarly, for therequiremeng, | 0, 0) = 0, we have

VI (x=iy + 7= (dx—i8y)) Y00 =0

To makeour lives easier,let us changecoordinatesrom (x, y) to (z, 2 wherez=x+iy andz=x-iy. Then,
0 = %(c’)x—i dy) anda = %(ax +idy), suchthatdz = dz=1 anddz = dz=0. Soourequationdbecome

+i8y)) Yoo =
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vV 4)‘1 (Z"'ﬂa)woo =0, ( +%3)¢0,0 =0

which havethesolution

Yoo o g Mmwzz/2h _ e—mw(x2+y2)/2h )

(e) Forn=0 andm+ 0, thefirst requirements the sameasabove,

azl/’O,mz\/ rz;) ( Zh _)l//Om: )

andthisis clearlymetby theform of the givenwavefunction. For the secondequirementye usethe numberoperator:

Ta,]0,m=m|0, m) .

In thepositionrepresentation,

aZTZL(aXTJriayT):%( x—ﬁipx)ﬂ 4eth (y—g—;ipy))

=+ SehBC (x+iy - 25Gpc—Py) =V o (X+iy = 22 (i (=indy) +indy))
=\ e (x+iy - 2 @ +idy) = o (2- 22 9)

wherew hasbeensubstitutedsoasnotto confusethe eigenvaluan with themasan. Then,ourrequirements

aZT aZloi m>:m|ol m>
B 4 5 4h
:%(Z_%a)(z'* o )‘ﬁOm—m‘/’Om

:(g%zz+%za— 26 2( )Ba)tﬁOm—m%m.

Applying theLHS operatorto the givenwavefunctionwe find

8hczz+22(m_fTBcz)_%_; 4hc ) (h—B) (2_47‘10 )

= i 22+ 5~ i 22= 5 + 56 22-2(55) (- e + (5~ 7ie 2 (- 2)
=5 -3t w2t 7+ T~ g 22

=m

Yom isindeedthewavefunctior(z, z| 0, m).

Now letusfind N:

[10om ! dxdy = N? [dxdy (& +y?)" 8o nne

=N2 fom (2rrdr)r2meeBri2nc — g
0 -1/2

=N = ([ @rrdryrm geBri/2he) T

Computing,
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eB
2hcC

(Integrate[an*rzm*Exp[— rz].

172
{r, 0, »}, Assunptions->{m>0, e >0, B>0, 2a>0, c>0}])

1
1+m
) Gama [l + m]

\/;\/zhm (S_g

~12
Wefind N = (7r m! (%’—gﬁ)ml)

(az.r )Ill

Anotherway to find thewavefunctionis directly working out e

’ 0, 0>. Fromthepreviouspart,

Yoo o e—mu)(x2 +y2)2h e—eB(x2+y2)/4hc )

The correctnormalization's easilyobtainedoy the Gaussiarnintegral,andwe find yo0 = \ 53— €° zz4nc - Thecreation
operatowasworkedoutabove,

a' = seth (Z_ %5) :

Whenwe usethis operatomultiple times, thereis nevera derivativewith respecto z, andhenced actsdirectly onyg .
Namely,0 = —eBz/4# c aslongasit actsonly onthegroundstatewavefunctions. Therefore,

+_ [ eB _ 4hc -eBz) _ [ eB
8 = 8hc (Z eB 4nc )_ 2hc z.

Usingthedefinition,
@")" __1 (eB\M2 eB_ _eBzz4hc
Vom = Yoo = i (zie) 2"V e ©
172
_ (1 1(eB ™l ~eBzz/4hc
—(w;( e) ) le

whichis exactlythe sameresult.

(f) TakeeB/2hc=1. Thenyom = (M! n) Y2 Zn e222  Therefore,
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Cont our Pl ot [ (m! m)™* r2meg-r? g {r ->Vx2+y2} /. {m-0},

1
{x, -4, 4}, {y, -4, 4}, PlotPoints - 100, PlotRange » {0, —}];
T

-4 -2 0 2 4

Cont our Pl ot [ (m! nytp2mer? {r ->Vx2+y2}/ {m-3},
{x, -4, 4}, {y, -4, 4}, PlotPoints - 100];
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Cont our Pl ot [ (m! m)™* r2meg-r? g {r ->Vx2+y2} /. {m-10},
{x, -4, 43, {y, -4, 43}, Pl ot Poi nts-»lOO];

-4
-4 -2 0 2 4

Pl ot 3D[ (m! n)y tp2mer? {r ->Vx2+y2} /. {m-0},

1
{x, -4, 4}, {y, -4, 4}, PlotPoints - 100, PlotRange - {0, —}];
T
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Pl ot 3D[ (m! m) ™t r2me-r? . {[r ->Vx2+y2} /. {m-3},

{x, -4, 43, {y, -4, 43}, Pl ot Poi nts-»lOO];

N

V)
{

Pl ot 3D[ (m! )yt r2mer? oy, {r ->Vx2+y2} /. {m-10},

{x, -4, 4}, {y, -4, 4}, PlotPoi nts-»lOO];

K
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(g) Thewavefunctionformsaring furtherandfurtherawayfrom the orign for largerandlargern. If the systemhasa
finite radiusR, thering goesoutsidethe systemfor too largen. This setsa maximumvalueonn, andhencethereareonly

afinite numberof groundstates To obtainthe maximumn, we requirethatthe peakof the probability densityis lessthan

R.
Sol ve D[ (r" ET¢Br*/ ¢4 )2 r] =0, r]
({1 -2 n, g V2 A R
VBe VB e
< R?, andhencen < egf The numberof groundstatesis therefore

2nh

For this radiusto be inside the system,—z

1
WGBRZ
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(h) Expandinghestatein the Schrdlingerpicture,
geit) = €MV | go) = Mt efa’ [0, 0) = () £ dal) )|° 0

(3 2ttt o g e (e 552 0 g

=elotefe™ a’ |, O> :
In the positionrepresentation
&' =\ (2= 2 0)= S holz- 2 9)

2
(z,z]0,0) = ; e Mwzzl2h 2"7;3 e‘k02 7z

mw

sothewavefunctions

(Z, 2| Yty c & iwt of ezt ko /2 (z-(1/ko 2 )9 @ —ko? zz
et go fe'z“"z —ko? 22 )

Making the coordinateransformatiorz - & / f kg ,
& Elpe; ) ceiot ge’™t glPt?

The positionwavefunctionis a 2D Gaussiarprofile whosecentermovesclockwiseon a circular path,which is precisely
cyclotronmotion of frequency2 w = e B/ mc for anelectron. (Thefirst factorin the wavefunctionis a time—dependent
global phasedueto zero—pointenergy.) To seethis explicitly, we plotwith w = 1, f =2 andé = x+iy. (To seethe output,
run thecommandelow;then,selectthewhole cell of plots,andcreateananimationby selectinghe menuitem "Cell->Ani-
mateselectedyraphics”or by punchingControl-y):

Tabl e[Cont our Pl ot [Exp[x Cos[2t] -y Sin[2t]] Exp[(-X? -y?) /4],
{xX, -4, 4}, {y, -4, 4}, PlotPoints »64], {t, 0, 2x, x/10}];
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3. Scalar Aharonov—-Bohm

In this experiment,a magneticfield is applied for At=8usec on neutronswhose magnetic momentis
pw=-1.91uy =-1.91x3.1510 ¥ MeV T-! = -6.02x 10 ** MeV T-1. The relative phasebetweentwo wavesis
(following Eq. (3)),

Adpg = § uBAt= —p—— (-6.02x10"* MeV T~1) Bx8x 10°° sec= 7.32x 10° (B/T) = 0.0732(B/ Gaus$

— Adpg = 7.32x 107 (B/T) = 0.0732B/ Gauss.
Thefit to thedatashownin Fig. 5 saysA ®ag /B = 0.0657/ Gaus:, quitea goodagreementvith the expectation.

Fig. 2.4in Sakurai’'sshowsan electricpotential,which hasan electricfield atthe edgesandhenceforces. Thereasonwhy
they choseto turn on andoff the magneticfield is to avoidthe possiblecriticism thata speciallynon—uniformfield givesa
non-uniformpotentialandhencea classicafforce. The purposeof the experimentpn the otherhand,is to demonstrat¢he
quantumphasen the absencef any classicalforce. Furthermoretheywantedto avoid the torqueactingon the neutron
spin,andthereforepolarizedthe spinsalongthe directionof the motionwhichis parallelto the magnetidield ("longitudinal
polarization"). This way, theyweresurethatthereis absolutelyno classicafforce actingon neutronsyet they showedthe
quantumphasethe scalarAharonov-Bohneffect.

4. Neutrino flavor oscillation

(a) We constructhe matrix

dn
n2 =nD2 {{1, 0}, {0, 1}} +

> {{-Cos[26], Sin[26]}, {Sin[26], Cos[26]}};

andsolvefor theeigenstates

Si nplify[Ei gensystem[n2], Assunptions -» {dnR2 > 0}]

~dne dne

{{ 5 + 02, T+nr02}, {{-Cot [6], 1}, {Tan[e], 1}}}

We find the (normalized)eigenvalue/eigenvectpairs

R
et v ()

(b) Theprobabilityto measurestatey(0) = (é) attimet is| (W(0) | y(t)) >, wherey(t) = e HV" y(0). If wewrite

¥(0) = (;) = —cos@( _5?229) + sine( ;I)nsZ) =—cosf V_ +sinfdv, ,

thenwe maywrite

Y(t) = —cosf v_ eH- V7 L gingy, e M U
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cé

whereH, = pc + 2°3—p)ti =pc+ 55 (mp? + %) Then,the probabilityis

[ (0 [ YD)y [? = | —cosh ((1, 0)-v-) e -V +sinf((1, 0)-v,) e M VI 2
= |cog geH-Uh 4 sinf et Uh |2
= (cog get M-Vt 1 sir® getit: Uh) (cog geH- Y 4 sinf geriHs 1)
= cod 0+ cog §sin’ gt —HOUr 4 grith -HOURy 4 gint ¢
=cod §+sin' 6+ 2co sin’ GcogH, —H_)t/h
2
= (co¢ 0+ sin’ 6) —2co gsir’ 6 +2cog gsin® fcogH, —H_)t/h
=1-2co2 gsir 6(1 - cogH, —H_)t/h)
=1-sin® 20sinf(H, —H_)t/2#

Insertingthe eigenvaluesindrecognizinghatneutrinosareultra—-relativistic,
| @(O) | y(®) I = 1-sir? 20sir® = AP X .
This canbe massagefurtherto useexperimentallyconvenienunits:

W) |y 2 = 1-sin” 20sif 5= (AmP c*) £

=1—sin2 295"’]2 GeVfm (Anm?c*) x GeV

4hc e\ E km

| W) () 7 = 1-sir’ 205sir’ 1.267 800 X SV

(c) Letusimplementtheexpressiono try to recreatehebaselineandperiodicity (in unitsof km/MeV) in thedata:

prob =1-s22t Sin[l. 267 dnRc4 (1000 s) ]2;

Pl ot [prob /. {s22t ».8, dnRc4 »8%107°}, {s, 0, 80}];

20 40 80

0. 87

0.4}

0. 2¢
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Fig. 3 in the papershowsa peak—to—peakvavelengthof a bit over 30 km/MeV, which is reproducedicely herewith the
valueof A m? = 8x10> eV quotedin thepaper. Thisis notsurprising astheir quotederroris only +0.5x 10> eV? .

The amplitudeandcenterof oscillationaremoreproblematic asthisis entirelydependentn . Theauthorsquotearange
of 0.33< tarf 6 < 0.5, which correspondso 0.75< sin® 20 < 0.9; however this is afterincluding datafrom solarneutri
nos,which putsstrongconstrainton § asshowin in Fig. 4(a). Looking at the 95% confidencerangefor just KamLAND,
0.1<tar? 0 <5, or0.33< sin’ 26 < 0.56 passinghroughsin2 =1. ExaminingFig. 3, the peakandtroughareat roughly
1.0and0.2respectivelyandthisis reproducedibovewith the quotedcentervalueof sin® 26=0.8 (tar? 6 = 0.4).



