
HW #4

1. isothermal halo
The isothermal model of halo assumes the distribution 

rIxØ, v
ØM = N expJ 1ÅÅÅÅÅÅÅÅs2  JY - 1ÅÅÅÅ2  v

Ø2NN.
This ansatz is called isothermal because of its resemblance to the Boltzmann distribution

rIxØ, vØM = N expJ 1ÅÅÅÅÅÅÅÅÅÅÅÅms2  Jm Y - mÅÅÅÅÅ2  v
Ø2 NN = N e-Eêk T

with the identifications k T = ms2  and the single-particle energy E = mÅÅÅÅÅ2  v
Ø2

-mY.  (The griavitational potential energy is
V = mY.)  But this is not just a resemblance.  Any phase distribution function given in terms of the Hamiltonian is automati-
cally a static solution to the Boltzmann equation, and furthermore an exponential form (Boltzmann distribution in thermal
equilibrium) is known to be a particularly robust solution under small perturbations.  Therefore, it is a good guess for a
stable configuration of the halo.

The spatial density is given by the integration upon the velocities, 

rHrL = ‡ d3  v N expJ 1ÅÅÅÅÅÅÅÅs2  JY - 1ÅÅÅÅ2  v
Ø2 NN = H2 p s2 L3ê2  N eYês2 .

With the boundary condition rH0L = r0 , H2 p s2 L3ê2  N eYH0Lês2
= r0 , and hence 

rHrL = r0  eHYHrL-YH0LLês2 .  Namely,
YHrL = YH0L + s2  log rHrLÅÅÅÅÅÅÅÅÅÅr0

.
The Poisson equation is then

1ÅÅÅÅÅÅr2  dÅÅÅÅÅÅÅd r  Ir2  dÅÅÅÅÅÅÅd r  s2  log rHrLÅÅÅÅÅÅÅÅÅÅr0
M = -4 pG rHrL.

Now using the variables rè = r ê r0 , r = r0  rè, r0 =
è!!!!!!!!!!!!!!!!!!!!!!!!!!!!!9 s2 ê 4 pG r0 ,

s2
ÅÅÅÅÅÅÅÅÅr0 2  1ÅÅÅÅÅÅ

rè2  dÅÅÅÅÅÅÅd rè  Hrè2  dÅÅÅÅÅÅÅd rè  log rè L = -4 pG r0  rè

or
1ÅÅÅÅÅÅ
rè2  dÅÅÅÅÅÅÅd rè  Hrè2  dÅÅÅÅÅÅÅd rè  log rè L = -r0

2 4 p G r0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅs2  rè = -9 rè

Writing out the derivatives,
2 1ÅÅÅÅrè  rè 'ÅÅÅÅÅÅrè + rè ''ÅÅÅÅÅÅrè - I rè 'ÅÅÅÅÅÅrè M

2
= -9 rè

subject to the boundary condition rè H0L = 1.  We also impose rè ' H0L = 0to avoid a 1ÅÅÅÅrè singularity in the above equation at the
origin.  Then we find rè '' H0L = -3.

solution = NDSolveA92 If@x ã 0, -3, y'@xD ê xD
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LogLogPlot@Evaluate@y@xD ê. solutionD, 8x, 0, 100<, PlotRange Ø 80.00001, 1<D
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Indeed, the asymptotic behavior is given approximately by rè = 2ÅÅÅÅ9  1ÅÅÅÅÅÅÅÅÅÅÅÅ
1+rè2 .  

This behavior can also be understood analytically.  Going back to the differential equation 
2 rè rè 'ÅÅÅÅÅÅrè + rè2  rè ''ÅÅÅÅÅÅrè - rè2 I rè 'ÅÅÅÅÅÅrè M

2
= -9 rè2  rè

and assume the asymptotic behavior r
~~

 A rè-n .  Keeping only the leading terms in 1 ê rè,
2 H-nL + H-nL H-n - 1L - n2 = -9 A rè2-n

If n < 2, there is only a trivial solution A = 0.  If n > 2, -2 n + nHn + 1L - n2 = 0 and hence n = 0, a contradiction.  Therefore,
n = 2, and then A = 2ÅÅÅÅ9 .

The rotation speed of stars embedded inside the halo is determined by the usual balance between the gravitational force and
the centrifugal force, 
m v2

ÅÅÅÅÅÅÅr = d VÅÅÅÅÅÅÅÅÅd r = -m d YÅÅÅÅÅÅÅÅÅd r = -ms2  d rêd rÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅr .  
Therefore,
v2 = -s2  rÅÅÅÅÅr  d rÅÅÅÅÅÅÅÅd r = -s2  rè rè 'ÅÅÅÅÅÅrè .
Note that the asymptotic rotation speed is found using the asymptotic solution obtained above,
v¶

2 = -s2  rèH-2L rè-1 = 2 s2 , and hence v¶ =
è!!!2  s.

The fact that the rotation speed approaches a constant instead of falling as r-1ê2  is the most surprising feature of the data
("flat rotation curve"), which is reproduced in this model.
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2. Gravitational Microlensing
It is presented in a separate PDF because I couldn't insert figures into Mathematica notebook.
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